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Introduction 
This paper is the continuation of a previous paper (cf. [S]) dealing with foliated 
manifolds endowed with a Pfaffian form of maximum class where we proved Darboux- 
Cartan theorems for “complete” foliations i.e. foliations such that the bracket of any 
pair of first integrals is a first integral. 
After the first paper has been written, A. Weinstein pointed out to me a reprint of 
M.Y. Pang’s thesis dealing with Legendre foliations. 
The purpose of this paper is to investigate further properties of Legendre foliations 
which are not necessarily complete, using methods introduced in the book [9] and in 
the paper [8]; in particular we recover some of Pang’s results. 
M.Y. Pang has introduced a symmetric bilinear form r on the tangent bundle to 
the foliation which is an obstruction to completeness. The non-degenerate case is the 
most interesting (for instance there are Finsler and Riemannian structures). We show 
that the situation is similar to that investigated by Foulon [3] on a homogeneous space 
(quotient of the tangent bundle to a manifold N under the action of the group R+). So 
using Foulon’s methods we explain the splitting of the horizontal bundle of a contact 
manifold into two complementary lagrangian subbundles in the non-degenerate case. 
We show that any Legendre foliation on (AI, U) is locally equivalent to the fibration 
Jl(EV,iR) --f JRn x R, the manifold J1(Rn,~) = T*Iw~ x IR being endowed with the 
Poincark-Cartan integral invariant Cp;dz” - Hdt; the bilinear symmetric form K is 
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then defined by the second derivative of H along the leaves; if r = 0, then we may 
take H = 1 and we recover the results of [8]. 
We could take also, as a local model, the manifold P$(Iw”+r), quotient of Y’*Iw”+r 
under the action of Iw+, endowed with a contact form which is not the standard one 
(except for complete foliations). In the non-degenerate case, through a local Legendre 
transformation we get Foulon’s situation which deals with regular Lagrangians and is 
linked with calculus of variations; this explains why the structure equations are the 
same, as was noticed by Pang. 
I thank A. Weinstein for having pointed out Pang’s thesis and for helpful conversa- 
tions. 
1. Notations and basic properties of foliated contact manifolds 
1 .l. All manifolds and mappings are assumed to be of class 6’“. The set of all differ- 
entiable functions on M will be denoted by C”(M,IW). 
The Lie derivative with respect to a vector field X will be denoted by C(X); if f is 
a function, we shall write X. f instead of l(X)f. 
The annihilator of a subbundle A of TM (i.e. the subbundle of T’M whose sections 
vanish on A) will be denoted by A”. 
For any surjective submersion r : C --f M, we shall denote by VC the kernel of 
the projection TK : TC -+ TM; the subbundle VC of TC will be called the vertical 
bundle. 
The line bundle generated by a vector field X (resp. a Pfaffian form 7) without zero 
will be denoted by IWX (resp. Iwq). 
We shall use the same notation for a vector bundle morphism 9 : A -+ B and the 
operator (of order 0) induced by q on the set 4 of sections of A with values in B. 
1.2. By a contact manifoEd (M, u) we shall mean a (272 + I)-dimensional manifold 
endowed with a contact form, i.e., a Pfaffian form such that w A (~Iw)~ # 0. 
There exists on (M, W) an unique vector field E (the Reeb vector field) such that 
i(E)w = 1, i(E)dw = 0. (1) 
The tangent bundle TM may be decomposed into 
where the subbundle ‘H (or horizontal distribution), of rank 2n, is the kernel of w; it 
is endowed with a symplectic vector bundle structure. 
For any subbundle R of 3-1, the orthogonal bundle will be denoted by orthxR. 
Every vector field X on M may be decomposed as 
X = (i(X)w)E + it:, 
where X is the horizontal part of X. 
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By duality, we obtain 
where K is the annihilator of kerdw = RE. The sections of K are called semi-basic 
forms; they satisfy the relation i(E)9 = 0. 
Every Pfaffian form 7 may be decomposed as 
7;1= (i(-V17)w +fi, 
where ;7 = 77 - (i(E)q) w is the semi-basic component of 7. 
The mapping wb : X --+ -i(X)dw carries any vector field X on M onto a semi-basic 
Pfaffian form. It induces a vector bundle morphism wb : TM + K whose kernel is RE. 
The restriction of wb to ‘H is an isomorphism onto K, whose inverse will be denoted 
by wfl. The vector bundle K may be identifield with ‘H’. 
1.3. It was proved in [5] ( see also [9]) that there exists an isomorphism 4 from the 
vector space N of infinitesimal automorphisms of the contact structure defined by w 
(i.e. the space of vector fields satisfying L(X) w - w onto C”“( M, IR). The isomor- p ) 
phism 4 carries the Lie algebra structure of N, defined by the usual bracket, onto a 
Lie algebra structure on C”(M, R). This isomorphism qS is defined by 
4(X) = i(X)w 
and its inverse by 
4-l(f) = fE + w”(df - (E.f)w) = fE + wn((@j), so $@(I) = E. (1) 
We have 
K sl = 4MwL eT>l; 
setting Xf = d-‘(f), we obtain 
Lf, sl = Wf, X&J, 
as well as 
(2) 
(3) 
It can be checked the relation 
[f, g] = dw(Xj, Xg) + f(M) - d&f). (4) 
The vector field Xf is called the contact hamiltonian vector field corresponding to 
the function f. 
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The bracket [.I on C”(M, Iw) defines a Jacobi structure (M, A, E) on M where A is 
the bivector field (or section of A”T*M) such that 
A(a, p> = dw(w%!, w#jq 
for any pair of Pfaffian forms (see [10,9,12]). 
The bracket [f,g] may be written 
K 91 = wf, 47) + fm7) - !7(W) 
and from the Jacobi identity, it can be deduced the relations 
[AA] = 2E A A, VW1 = 0, 
which characterize the Jacobi structure. Here [.I means the Schouten bracket. 
Let be A& T*M + TM the morphism such that 
for every z E A4 and every pair (o,, ,&) of elements of T,*M. 
Then Xf may be written in view of (1) 
Xj = fE + wn(& = fE + An(@). (5) 
1.4. Let F be a foliation on (M,w) and F be its tangent bundle. From formula (5) of 
Section 1.3 we deduce that the distribution 
F’ = IRE $ An(F”) 
(where F” is the annihilator of F) is locally generated by the contact hamiltonian 
vector fields which correspond to the first integrals of FT. This distribution F’ will be 
called the pseudo-orthogonal distribution of F. 
Let p be the rank of F” and (jr,. . . , fp) be a set of independent first integrals of 
F in an open subset U of M; for z E 17, as the kernel of A! is Iww(x), the vector 
space F,’ is of dimension p + 1 or p according the forms o(z), dfi (x), . . . , dfP(x) are 
linearly independent or not. If dim F,’ = p, then the form i>w induced by w on the 
leaf passing through z vanishes at 2; conversely if i>w(~) = 0, then dim F,’ = p. 
The foliation F,will be said to be pseudo-isotropic if the form induced by w on 
each leaf of F vanishes identically; in this case, the distribution F-‘- is of constant 
rank p and FL is a vector bundle. Then w is a section of F’. A Legendre foliation is 
a pseudo-isotropic foliation of maximum rank n; then rank F” = rank F’- = n + 1. 
1.5. A foliation F on the contact manifold (M,w) will be said to be w-complete if for 
any pair (f;, fj) of first integrals of F (where f; may be a constant), the bracket [f;, fj] 
is also a first integral of F (eventually a constant). 
We have proved in [8] that if F is w-complete, then the distribution F’ is completely 
integrable (in the sense of Sussmann when rank F’ is not constant), the converse being 
true when the Reeb vector field is a section of F (then rank F’ is constant). We shall 
see in Section 2 that it is true also when _7- is pseudo-isotropic; then w is a section 
of F’. 
For more details about Sections 1.2, 1.3, 1.4, 1.5 see [9,8]. 
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2. Properties of Legendre foliations. 
2.1. Proposition. Let 3 be a Legendre foliation on the contact manifold (M,w). 
Then its tangent bundle F is a lagrangian vector subbundle of the horizontal bundle ‘Ft. 
The annihilator F” of F in T’M splits into 
F”=Rw$(FonK) (1) 
and the pseudo-orthogonal distribution F J_ is a vector bundle which splits into 
F’=RE$F; (2) 
the annihilator (FL)” of F _L in T’M is the vector bundle F” nlC and the isomorphism 
tib: ‘Ft --f K maps F onto (F’)“. 
Proof. As the form induced by dw on each leaf vanishes, for any pair (Yl, Y2) of 
sections of F, we get dw(YI, Y2) = 0; F being of rank n is lagrangian. 
Formula (1) follows from the fact that w is a section of F”. Then 
F’ = IRE $ Rn(F”) = IRE $ A”(F” n K) = IRE $ wU(F” rI K) 
= IRE $ orthHF = JRE $ F, 
and 
(F’)” = (IRE)” n F” = K n F”. 
For any section Y of F, the form wb(Y) = -i(Y)dw is a section of (F’-)“; as the 
bundles F and (F’)” h ave the same rank, (FL)” = ub(F). 
2.2. Corollary. For any first integral f of a Legendre foliation 3, the horizontal part 
2r of the contact hamiltonian vector field Xf is a section of F and the bracket [f, g] 
of two first integrals is equal to 
V, sl = f (E.g) - gWf )* (3) 
Proof. From (a), we see that _%i-f is a section of F; so dw(Xf,X,) = dw(_%f,k,) = 0 
as F is a lagrangian subbundle of ‘H. We deduce (3) from formula (4) of Section 1.3. 
2.3. Remarks. 1”) For any pseudo-isotropic foliation, F” and F’ have the same 
rank p (see Section 1.4); if p > n + 1, formula (1) of Proposition 2.1 holds but for (2) 
we only have F = IWE $ orth%F; then (F’)” = K n (orthxF)” and wb sends F onto 
(F’-)“. Formula (3) of Corollary 2.2 is no more valid because orthxF is co-isotropic. 
2’) A Legendre foliation is also a pseudo-coisotropic foliation if we define a pseudo- 
coisotropic foliation 3 on (M,u) as a foliation such that F is a coisotropic subbundle 
of ‘M. Then w is also a section of F” and F’ = RE $ orthEF. For any first integral f 
of 3, kf is a section of orthRF (which is isotropic); then relation (3) of Corollary 2.2 
holds. 
If we only consider first integrals of 3 such that E.f = 0 (which corresponds to 
C(Xf)w = 0), then [f,g] = 0. 
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2.4. Proposition. The Legendre foliation 3 on (M,w) is w-complete if and only if 
the pseudo-orthogonal vector bundle FL is completely integrable. 
Proof. If 3 is w-complete, then F’ is completely integrable in virtue of Section 1.3 
(formula (3)) and Frobenius theorem. 
Conversely let fi, . , . , fn+l be first integrals of 3 such that (dfi, . . . , df,+l) con- 
stitutes a basis of the module of sections of F” over an open subset of M. Then 
Xf1) * * * 7 Xfn+ 1 generate locally F I. From the assumption, we get: 
X[,,fJ = [Xfi Y X&l = c $ix’fk Y 
k 
X[l.f,] = L% Xd = c e% 
k 
Applying the isomorphism wb to the horizontal parts of these vector fields, we obtain 
or 
d[_f;, fj] = c x$dfk mod w, 
k 
d[l,f;] = 1 x,“dfk mod w; 
k 
as w = ckgkdfk, we obtain the desired condition. 
2.5. Remark. Proposition 2.4 holds for any pseudo-isotropic foliation. 
2.6. Proposition. For a Legendre foliation the vector bundle F’ is completely in- 
tegrable if and only if for any section Y of F, the bracket [E,Y] is also a section 
ofF. 
Proof. First we remark that for any section Y of ‘H, the vector field [E,Y] is also 
horizontal, as 
i[E,Y]w = ,C(E)i(Y)w - i(Y),C(E)w = 0. 
Any section 2 of FL may be written 
Z=hE+Y, 
where Y = 2 is a section of F. So for any pair (Z,, 20) of sections of F’ we have 
[G, =$I = [WG hpE1 t [Ye, Ypl + [h&Ypl + [L bEI; 
the vector field [h,E, hpE] is a section of IRE; as F is completely integrable, [Y,,Yp] 
is a section of F. So the bracket [Z,, Zp] is a section of F’I if and only if [h,E,Yp] + 
[Y&, hpE] is a section of F’- ; as 
[h,E,Yp] t [Yo, h,E] = h,[E,Yp] - (Yp.h,)E + hp[Y,, El t (Y&)E, 
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this condition is equivalent to the following one: for any section Y of F, the vector 
field [E, Y] must be a section of F’; as [E, Y] is horizontal, it must be a section of F. 
2.7. Remark. Another proof could be given using formula (3) of Corollary 2.2; for 
the Legendre foliation F to be w-complete, it is sufficient that for any first integral f 
of 3, the function E.f is also a first integral. As [E,Xf] = XE.~ (see formula (3) of 
Section 1.3), we have for the horizontal parts 
L&-&l = xT.j; 
the sufficient condition is: [E,Xf] must be a section of F whenever X, is a section 
of F. This is equivalent to the statement of Proposition 2.6, as the contact hamiltonian 
vector fields corresponding to the first integrals of F generate locally F’. 
2.8. To check whether [E,Y] is a section of F whenever Y is a section of F, we 
may choose around each point of M a basis (Yr , . . . , Y,) of the module of sections 
of F; the forms 13” = -i(Y,)dw (o = 1,. . . , n) define a local basis for the module of 
sections of (F’)“. The foliation F is w-complete if and only if the functions i[E, Q]ea 
(a,/3 = 1,. . . , n) vanish. 
More generally for any Legendre foliation F (which is not necessarily w-complete) 
we are led to consider the operator 7r acting on pairs of sections of F, defined by 
7r(Yr, Yz) = i[E, Yr]i(Y$w. 
2.9. Proposition. Let .lF be a Legendre foliation on (M, w); then the operator T, 
acting on pairs of sections of F, which is defined by 
T(Y~, Y2) = i[E, Yl]i(Yz)dw 
is bilinear and satisfies the relations 
r(fi, y2) = i(E>C(K)W2>w 
and 
+l,Y,) = +2Jl>. 
Moreover w is of order 0, i.e. it is induced by a mapping T: F xM F 
for any 2 E M 
i[E, YJW)dw Iz = 74Y,(x),Y,(x)). 
As usual we have used the same notation for the mapping F xM F 
operator E x E + C”(M, JR), where E is the set of sections of F. 
Proof. From i(E)dw = 0 and i(Yz)w = 0, we deduce 
i[E, YJi(Y2)dw 
i 
i 
(1) 
(2) 
(3) 
IR such that 
(4) 
R and the 
= -,C(Yl)i(E)i(Y2)dw + i(E),C(Y~)i(Y2)dw = i(E)L(Yl)C(Y2)w. 
The operator x is obviously bilinear; it is symetric beause of the 2 facts: 
1”) W&W2) - C(Y2)C(&) = Wl,Y,l 
2’) i(E)C(Y)w = 0 for any section Y of F. 
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Given Yr, the value of ,(X,Y) at 2 is defined by Ye; using the symmetry, we 
prove (4). 
2.10. Corollary. The Legendre foliation F is w-complete if and only if the form ir 
vanishes. 
2.11. Remarks. 1”) The form r has been introduced by M.Y. Pang [13]; he defined 
r by relation (2). 
2’) in the case of Legendre foliations, we have found a symmetric tensor as an 
obstruction to w-completeness. In the case of a pseudo-isotropic foliation of corank 
p < n, Proposition 2.9 is still valid but r is no more an obstruction to w-completeness. 
2.12. Definition. The foliation 7 will be said to be non-degenerate if the form r is 
non-degenerate at each point z of h4 (cf. [13]). 
2.13. Proposition. Let F be a non-degenerate Legendre foliation on (M,w). Then 
there exists a vector bundle morphism J: ‘H + F defined by the condition 
r(J(X),Y) = dw(X,Y) (1) 
for any section X of ‘l-t and any section Y of F. This morphism J, whose kernel is F, 
satisfies the relation 
J([E,Y]) = -Y (2) 
for any section Y of F. 
Proof. The mapping wb : 7-l -+ K defined by X -+ -i(X)& identifies K with E* (see 
Section 1.2). As F is a subbundle of ‘H, there exists a surjective morphism p: 7-t” + F*. 
Let rfl: F’ -+ F be the inverse of the morphism 7rb : F + F” associated with the non- 
degenerate form K. Then J = .n o p o wb. 
Using formula (1) of Proposition 2.9, we obtain 
dw([E,Yl],Yz) = -i[E,YI]i(Y,)dw = -7r(Yl,Yz) 
for any pair (Yr,Yz) of sections of F. On the other hand we have dw([E,Yl],Yz) = 
r( J[E, %I, y2). 
A section X of ?f is a section of the kernel of J if and only if dw(X,Y) = 0 for any 
section Y of F; so the kernel of J is orthxF = F. 
2.14. Corollary. The morphism J is a surjective map satisfying J o J = 0. 
Proof. Obvious. 
2.15. Remark. The morphism J may be extended to a morphism 1 : TM + F 
defined by the same condition but with X any vector field on M; the kernel of .? 
is F’. The morphism j has been introduced by Pang (using the letter X). 
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2.16. Proposition. Let 3 be a non-degenerate Legendre foliation; if Yl, . . . , Y, gen- 
erate F in an open set U ofMj then YI, . . . , Y,, [E,Yr], . . . , [E, Yn] generate ‘F1 in U. 
Proof. The surjective morphism J maps [E, Yr], . . . , [E, Y,] onto the independent vec- 
tor fields Yr , . . -,yn; so [-wTl],...,[wL] are linearly independent in U and generate 
a complement T to F because a nonzero vector belonging to T cannot belong to the 
kernel of J. 
Notice that T depends upon the choice of (Yi, . . . ,Y,); later we shall introduce a 
lagrangian complement Q to F which will be defined intrinsically. 
2.17. Example of a non-degenerate Legendre foliation (see Foulon [3], and also [7]). 
Let N be a (n + 1)-dimensional manifold; denote by TON the complement to the zero 
section in the tangent bundle TN; let P+N be the quotient of TON under the action of 
R+; then r : TON -+ P+ N is a R+-principal bundle; let W be the projection P+ N -+ N. 
P. Foulon introduces what he calls a “second-order differential equation” (and we 
have called a pre-spray in [7]); t i is a vector field X on P+N without zero and such 
that the morphism s = Tr;j o X from P+N to TON is a section of T: TON -+ P+N. 
Using the operator u : TTN --f VTN which was introduced by J. Klein [4], P. Foulon 
defines a morphism ZIX such that vx[X, Y] = -Y for any section Y of VP+N, the 
kernel of vx being VP+N @RX. He shows the existence of a Pfaffian form w such that 
i(X)w = 1, i(Y)w = 0, 
for any section Y of VP+ N. 
i[X,Y]w = 0 
When w is a contact form, the vertical bundle VP+N defines a Legendre foliation. 
Moreover P. Foulon shows that the operator g acting on pairs (Yr,Yz) of sections of 
VP+N, defined by 
g(K, Yz) = Vr)i[E, Yzldw 
is a non-degenerate bilinear symmetric operator of order 0. 
So we are in the case of a non-degenerate Legendre foliation on A4 = P+N with 
E = X, F = VP+N, g = r. We shall see later that this example can serve as a local 
model for any non-degenerate Legendre foliation. 
We shall prove the splitting of ‘FI into F $ Q ( w h ere Q is intrinsically defined), 
using Foulon’s methods, thus explaining Pang’s results. In the case of &! = VP+N, 
the following theorem is due to P. Foulon. 
2.18. Theorem. Let 3 be a non-degenerate Legendre foliation on the contact mani- 
fold (M,w). Then th e operator Ii defined by 
K = i(idx + fZ(E)J) 
is a projector from 7-i to F (i.e. K 2 = Ii) which may be also defined by 
K(Y) = Y, WPWI) = -; JV, [E, Yll) (1) 
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and the complementary projector 5’ = id% - 11’ (from ‘H to Q) is defined by 
S(Y) = 0, SW,Yl) = VW1 t $J(P, Lml), (2) 
for any section Y of F. 
Moreover the kernel (resp. image) Q of K (resp. S) is a Lagrangian vector subbundle 
OfR. 
Proof. As X is locally generated by Yr, . . . , Y,, [E,Y], . . . , [E,Y,], K is defined if we 
compute K(Y) and K([E,Y]) for any section Y of F. 
For any section 2 of E, by definition 
W)(JZ) = (WV)(Z) + JWW) = M-W)(Z) + J([E, -4) 
and 
(4V)(4 = W)(W - JW, a. 
Applying this formula to Y and [E,Y] we get 
(JC(E)J)(Y) = /C(E)(JY) - J([E,Y]) = Y 
and 
WGWWI) = W)(J[~~YI) - JW? LWm 
we deduce formulae (1) and (2). 
It remains to show that & = S(X) is Lagrangian; it is enough to prove that 
d@(S[&Yj],S[&Yk]) = 0 
for any pair (Yj, Yk) of sections of F. As F is Langrangian, we have to compute 
L’(yj, yk> = d4[E, Yjl, [E-Yk]) 
+ +([&I;1, J([E, [-& hII>> + $4W’, [CYjll), P, Y,l). 
From the definition of T and J (see Propositions 2.9 and 2.13), we deduce 
dw([E, $1, JP, [E, ykl)) = 4 J(W, yjl, JW, [&Yk]])) 
= +yj, JW,LW’k31)> = Wyj, [E, [-&Ykl]); 
permuting j and k, we obtain: 
dyj,yk> = d~([-&Yjl, [%%I) + +@j, [& [-&Yk]]) t ;dWG [%Yj]],Yk); 
as r(yj, yk> = +k, yj>, we have l(E)(n(Yj, Yk)) = l(E)(n(Yk, Yj)) or 
L(E)(h(Yj, [-%Yk]) = +?(d’d’i, [&Yjl). 
As C(E)dw = 0 and ,C(E)Yj = [E,Yj], we get: 
W[G %I, [E, ykl) t ddyj, [E, [-% ykll) 
= dd[-& &I, [E, yjl> t d@/c, [-& [-& yj]]), 
which is equivalent to p(Yj, Yk) = 0. 
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2.19. Corollary. For any pair (Zj, Zk) of sections of Q, the bracket [Zj, Zk] is a 
section of l-t. 
Proof. We have i[Zj, Zk]w = C(Zj)i(Zk)w - i(Z,)C(Zj)w = -i(Zk)i(Zj)dw = 0. 
2.20. Pseudo-Riemannian metric on (M,w) and adapted complex structures on 7-t 
(see [9]). Let (M,w) b e endowed with a non-degenerate Legendre foliation; as it was 
made by P. Foulon for P+N, we may define a pseudo-metric g on M by the conditions 
s(fiJ2) = +l,Y,), 
s(&, 22) = +.G, JZ2), 
dJw = 1, 
57(K, Zl> = !@I, -q = $7(.&q = 0, 
where Yr,Y, (resp. 21, 22) are sections of F (resp. Q); then RE, F and Q are orthog- 
onal. 
On the other hand the restriction to Q of the morphism J is an isomorphism whose 
inverse is the map F + Q defined by Y + -S[E,Y]. So the morphism Z: ‘R + ti 
defined by 
ZY = S[E,Y], 
ZZ = JZ, 
for Y(resp. Z) section of F (resp. Q), satisfies the relation 
I2 = -idH. 
Moreover it can be checked that for any pair (Xl, X2) of sections of 7H we obtain 
the following relations 
d+XrJXz) = dw(&,X2), 
s(~&JX2) = s(&J2), 
dw(&,=a) = s(&,X2), 
g(&,=2) = -d+LX2). 
So the operator Z defines a complex structure on ‘H which is pseudo-adapted to dw 
in the sense of [9] i.e. the forms g and R are respectively the real part and the imaginary 
part of a pseudo-hermitian form; when r is positive, Z is said to be adapted. 
2.21. Remarks on connections asociated with non-degenerate Legendre foliations. Let 
(P, d be th e sr na ure of the form 7r and O(p, q) the corresponding pseudo-orthogonal ‘g t 
group. 
The results of Section 2.20 show that M is endowed with a (1 x G/)-structure, where 
G’ (subgroup of Sp(n, R)) is the group of matrices 
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where a belongs to O(p, q) and ‘u is the contragredient of a. 
Let PQ, be the (1 x G/)-p rincipal subbundle of the frame bundle P(M). According 
to the general theory of G-structures, any principal connection on F’Q determines a 
covariant derivative V such that VT = 0, for any tensor field T canonically associated 
with the structure. So here the tensor fields VW, Vdw, VE, Vn, VJ, Vg vanish. 
On the other hand, the structure group 1 x G’ is of finite type (i.e. the first oder jet 
prolongation of its Lie algebra is 0) because it is a subgroup of the pseudo orthogonal 
group O(P’, q’), with (p’, 4’) = signature of g. So two connections on PG! with the same 
torsion coincide. 
Each principal connection on PQ, can be extended to a principal connection on the 
bundle P of pseudo-orthogonal frames. The canonical connection introduced by Pang 
is the connection on PG which extends to the Levi-Civita connection on P. 
Using a Bott connection, Pang has also shown that each leaf of the Legendre foliation 
(not necessarily non-degenerate) carries a torsionless connection, which is also without 
curvature in the case of an w-complete foliation. In the next section, we shall prove 
the last result by a direct way. 
3. Local expression of a contact form for Legendre foliations 
An open subset U of (M, w) will be called adapted to the foliation 3 if the restriction 
3 1 U of 3 is simple; we shall denote by h the projection of U onto the manifold 
u = u/3. 
3.1. In [8] we have found Cartan-Darboux coordinates for w-complete foliations which 
are w-regular i.e. such that F’ and F + F’ have constant rank (then F + F’ is 
completely integrable). 
In the case of pseudo-isotropic foliations, as F’ = IRE $ orthnF contains F, the 
distribution F + F* coincides with F’ and every w-complete foliation is w-regular. 
From [8] we deduce the local expression of w when the pseudo-isotropic foliation 3 
is w-complete. 
If corank F = p 2 n + 1, as i;W = 0, the form w may be written 
w = -dt + xldxl +. . - + x2,-&2, + wbq+l + a e - + +-lq-&p--l, 
with q = p - 1 - 71, the coordinates t, 21,. . . , xp_l being first integrals of F. 
In particular for Legendre foliations (p = n + l), the form w may be written (if we 
set p; = 2;) 
w = -dt + epidxi; 
1 
so we recover locally the standard contact form on the set J1(R”,R) = T*R” x IR 
of l-jets from IRn to IR, the Legendre foliation being defined by the fibration a x b : 
J’(IWn,R) --+ IRn x JR where a (resp. b) is the source (resp. target) map. 
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The Reeb vector field is the vector (-a/&), so we get (cf. formula (3) of Section 2.2) 
[t, q] = -2;, [“;,“j] = 0. 
We shall now prove a theorem whose first part is due to Pang (using partial con- 
nections). 
3.2. Theorem. Each leaf of an w-complete Legendre foliation as well as each leaf of 
the corresponding pseudo-orthogonal foliation has an afine structure. 
Proof. Let L be a leaf of F and Ll be the leaf of the pseudo-orthogonal foliation ,T’, 
generated by L and the trajectories of the Reeb vector field E. We choose U and U’ 
open subsets of M such that U n U’n L is not empty and such that w may be written 
in U n U’: 
n n 
w=-dt+ CPidr; = -dt’ + CP:dX:. 
1 1 
In U n U’, we have the change of coordinates: 
2: = $+r, . . .)X,), 
t’ = t + $(x1,. . . )X,), 
P:: = ~~(21,...,2n,t,Pl,...,P~), 
(2) 
because xl,. . . , x,, xi,. . . , XL are first integrals of the foliation .T’, t and t’ are first 
integrals of 3 satisfying the relations E.t = E.t’ = 1. 
From the relation (l), we deduce 
hence 
(3) 
where (Bf) is the inverse matrix of (dv”/dzj); as Bf , dy”/dxj are only functions of 
(Xl,. . . , x,), relation (3) h s ows the functions q!~~ of (2) do not depend upon t; this 
relation shows also that in U n U’ n L and U n U’ n Ll the changes of coordinates 
are affine functions. This proves that, on L and L*, there are atlases such that the 
changes of charts are local affine transformations of IWn and D?+‘. 
Another way of proving the theorem is to consider the contact hamiltonian vector 
fields X,, , . . . , X,, and their horizontal components X,, , . . . , _krt,; the last ones gen- 
erate F in the open set U; from [xi,Zk] = 0, we deduce [Xz,,Xz,] = 0; we obtain a 
parallelism; since in U n U’, we have 
n dvi 
dx: = c -dxj, 
j=l Oxj 
70 
we get 
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On the leaf F, the api/6’xj are constant, which shows that the parallelism is indepen- 
dent of the chart. For the leaf FL, we have to add the vector field E. 
We shall now consider Legendre foliations which are not necessarily w-complete. 
3.3 Theorem. Let F be a Legendre foliation on a contact manifold (M,o). Then 
for every x E M, there exists an adapted open neighborhood U which admits local 
coordinates x1, . . . ,x,, t (first integral of .7=), ~1,. . . ,pn, such that w is written 
12 
w= c p;dxi - Hdt, 
with H a function of (xi,pi, t) satisfying the condition: the function 
A=&lig-H 
1 
has no zero. 
By means of these coordinates, the Reeb vector field is expressed by 
and the bilinear symmetric form rr on F satisfies the relation 
(2) 
(3) 
Proof. We shall use the methods and results of [9] as well as an idea of Pang [13]. 
Let U be an adapted neighborhood of x E h4 admitting the independent functions 
Ul,..., u,+r as first integrals of 3. Then 
w = vlduI + . -. + v,+ldu,+I; 
as w vanishes on all vertical vectors with respect of the submersion h: U + U = U/3, 
it is a semi-basic form in the sense of [9]; t i is a section of the vector subbundle 
U qT*U+ U ofT*U + U. 
Likewise let us consider the symplectification 0 of U i.e. the complement to the 
zero section in the vector subbundle Rw 1 U of T*U; the form ,0 induced on 0 by the 
Liouville form CYU on T*U is also semi-basic as ,0 = Xw. 
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Let ~0 be the Liouville form on T*i?; let 42 and & be the projections U xg T*U + 
T*i? and .!? xg T*f? + T*U. 
According to the characteristic property of a Liouville form, there exist a unique 
morphism f : U + T*o and a unique morphism f: 0 -+ T*U such that 
w = f%Q, p = j*cYo. 
Since w is a section of l? -+ U, we have 
As d/? = f*dqq, the morphism f is a symplectomorphism, hence a diffeomorphism 
(restricting U if necessary). So f(U), image of w(U) by j, is a submanifold S of 
T*I?J, of codimension 1; restricting U again, if necessary, we may define S as v-l(O), 
where p is a differentiable function on T’U; so q(ul, . . . , u,+l, ~1, . . . , v,+I) = 0; 
since ul,..., ~,+r are independent, there exists at least one function 
dp/&j # 0; by permutation we may suppose j = n+ 1; then, restricting 
by the implicit function theorem we obtain 
%+1 = H(ul,...,u,+l,vl,...,wUn) 
vj such that 
U eventually, 
where ~1, . . . , u,+l, ~1,. . . v, are independent on f(U); setting 2; = U; for i I TI, 
x,+1 = -t, p; = VU; for i 5 72, we get 
n 
w= c pidx; - Hdt, 
1 
and 
dw = 2 dp; A dx; - gdxi A dt - Edpi ,j dt ; 
1 
dPi > 
then the vector field 
satisfies the relations 
i(%H)w = -H + cpig = A, 
I 
i(‘HH)dw = 0, 
i(‘FIH)(w A (dw)“) = A(dw)“. 
We check that (dw)” never vanishes; as ‘FIH has no zero, w is a contact form if and 
only if A has no zero; then the Reeb vector field E is the vector field 
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It remains to prove (4). By formula (2) of Proposition 2.9, we have 
Then 
3.4 Remark. The rank of the bilinear form r is the rank of the matrix (a”H/ap$pj). 
All the local information about w comes from the function H, when we treat the 
equivalence problem. 
If the foliation is w-complete then H is linear with respect of pr, . . . ,pn; by a linear 
change of coordinates we obtain H = 1 and we recover the results of Section 3.1. 
3.5. Interpretation of Theorem 3.3. Let 3 be a Legendre foliation on the (272 + 1) 
dimensional manifold (M, w). Th en there is an atlas from M to J1(RWn, rW) = T*IWn x R 
such that for any x E 1M, there exists a local chart (g, U) satisfying the following 
properties: 
1”) U is an adapted neighborhood of x 
2“) g induces a map 3 from the leaf space U = U/3 onto an open subset V x I of 
IWn x Iw such that 
ij oh = (a x b) o g, 
where h is the projection U + U. So the leaves of the foliation 3/U are mapped on 
restrictions of the fibers of the fibration a x b : J’(R”,IR) + Rn x R. 
The map g is a contact transformation from (U, w) to J’(V,JR) endowed with the 
form 7 = oy - Hdt, where (YV is the Liouville form on T’V and H a function on 
T*V x I. This function H may be considered as a time-dependent function on T*V; 
the corresponding time-dependent hamiltonian vector field XH~ determines a vector 
field 3-l~ = d/dt + XH on T*V x I. The form 7 (resp. dv) is a relative (resp. abso- 
lute) integral invariant for EH; the form 17 is the Poincar&cartan integral invariant 
considered in Mechanics. The Reeb vector field of 77 is the vector field (l/A)?f~ with 
A = i(Z*)H - H, where Z* is the Liouville vector field on T*V. 
In the non-degenerate case, the function H defines a time-dependent Legendre trans- 
formation (see [9]) 
Leg : T’V x I---f TV x I 
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Ol- 
Leg : J1(V, I) -+ J1(I, V). 
The Legendre transform T of the function H is the function 
T = (Leg-r)*A. 
Let C : K c I + V be a differentiable path; its defines a path jlC : K + J1(I, V) 
and a path I = (Leg)-r o jlC in Jl(V?I); we have (cf. [9]): 
J .I w= Adt. r I( 
This integral is the action. 
3.6. Links with Pang’s and Foulon’s results (non-degenerate case). 
We keep the notations, cf. Sections 3.3,3.4, 3.5. As we work locally we shall identify 
u with V x I. 
It results from the proof of Theorem 3.3 that there exists an imbedding f of U into 
T*i?, such that S = f(U) and S is defined by v-l(O). We shall show that S may 
be defined by 4-‘( 1)) w h ere d, is positively homogeneous of degree 1. We shall give 
Lichnerowicz proof (see [lo]); another proof is given in [9]. 
Let k be the action of lR+ onto T*U; for X E I/X+, the diffeomorphism kx transforms 
S into Sx, any point (zi,pi,pe, t) of S being mapped onto (x;, P; = Xp;, PO = Xpo, t). 
As pe = -H(s;,p;, t), we have 
$+H Xi,+,t =O; ( > 
we set T = l/X and rP0 + H(z;, T, PO, t) = p. As 
$=Po+C~Pi=-H+C~pi, 
z 7, 
we deduce that ~!?p/dr Ir=l # 0 and the relation p = 0 is equivalent in the neighborhood 
Of S t0. $(XC;, Pi, t, PO) = T. 
Setting f$ = l/J, we obtain 4(x:i, Xp;, t, Xpc,) = X, which shows that 4 is positively 
homogeneous of degree 1 and that S = +-I( 1). The leaves of the foliation F ( U are 
sent on the fibers of the projection S -+ u; thus we recover Pang’s results. 
We have d(Xi,pi, t, -H(ziy~;y t)) = 1. From the relation c@ ] S = 0, we deduce 
a$ a+ &‘H o a24 ---__= 
dpi dpo dpi ’ ~ = api dpj 
8’4 dH I &$ d2H 
dP0 dPj dPi ape mdpj; 
on the other hand, we have 
R 
c 
84 84 
i=l 
Pi% + POG = 4 = l; 
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we deduce 
and 
1 d2H 02qh a+b aq5 1 --= 
d apiapj apiapj----’ aPOaPj aPi a$laPO 
We could deduce, using Theorem 3.3, that ?r is non-degenerate when the matrix 
a2wPdP, (a, P running from 0 to n) is non-degenerate (see Pang [13]). 
This is the case of Finsler manifolds (+ = 4 2 is positive definite) or pseudo Reiman- 
nian manifolds (~3g5/cYp,~ppi?p, = 0). 
The function $ = +2 being homogeneous of degree 2 defines by duality a hamiltonian 
vector field X$ on T*U which is also homogeneous of degree 2; in the non-degenerate 
case the function $ defines a Legendre transformation 0 : T*u --f T.?? which maps X, 
on a homogeneous vector field Y (of degree 2); as X, defines a second order differential 
equation (see [9]), we obtain a spray. The image of S by 0 is a submanifold C of TI!?; 
as S may be considered as the image of a section of the projection T’U --, P-;-I!? 
(quotient of T*U under the action of Iw+), C is the image of a section of the projection 
w : Tl? + P+u; so combining the diffeomorphism f : U --f S with the Legendre 
transformation 0 and the diffeomorphism W ( C : C + P+I!?, we get a diffeomorphism 
from U to P+u; the restriction to S of the hamiltonian vector field X$ is sent onto a 
vector field Y on P+U; using the results of [7], we could prove that Y is a “pre-spray” 
and we recover the situation studied by Foulon (see Section 2.17). 
4. Last remarks 
4.1. Degenerate Legendre foliations. Let F be a Legendre foliation on (M,w) such 
that at every z E M, the rank T, of the bilinear symmetric form r, is any number 
between 0 and n; the kernel (F ) 1 Z of A, is the vector subspace of F,, set of all ZI such 
that r&,2) = 0 for any z E F,. If x is of constant rank, Fl is a vector subbundle 
of F, generated by the sections Y of F satisfying r(Y, 2) = 0 for any section 2 of F; 
in view of Section 2.8 and Proposition 2.9, this is equivalent to the property: for any 
section Y of Fr, [E,Y] is a section of F. 9 
Using the fact that F is completely integrable and the Jacobi identity 
P,[Yd211+ [Yl,[Y2,Ell t P2,E~ll = 0, 
we show that for any pair (Yr, Y ) 2 o sections of Fl, the bracket [Yr , Yz] is also a section f 
of FI; therefore Fl is completely integrable. 
Let us consider the set A of first integrals f of .?’ such that (E.f) is also a first 
integral of FT. As [f,g] = f(E.g) - g(E.f), A is endowed with a Lie algebra structure; 
from the formula [E,Xf] = Xlr,fl ( see Remark 2.7), we deduce that for f E d, the 
horizontal vector field Xf is a section of Fl. So in the non-degenerate case, A contains 
only the constants. It would be interesting to study Legendre foliations for which r is 
not of constant rank; this leads to Legendre singularities. 
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4.2. If F is a Legendre foliation for a contact form w, then it is a Legendre foliation 
for the form w/b (where b is a function without zero). As [f, g]b = l/b [bf, bg], (where 
the bracket [‘lb is associated with w/b) (see [9]), if b is a first integral of F’, then .?- is 
w/b-complete whenever F is w-complete; this property does not hold if b is not a first 
integral. 
Let F be a Legendre foliation on (M, w); a necessary condition for the existence of 
a function b such that F is w/b-complete, is, according to Theorem 3.2, that the leaves 
of F have an affine structure. 
More generally, given a foliation F on a (272 + 1)-dimensional manifold M, with 
n-dimensional affine leaves, the following problem is interesting: are there contact 
structures on M for which F is an w-complete foliation? 
4.3. Remarks on global results. R. Lutz [ll] has proved that if (M, w) is the total space 
of a fiber bundle such that the fibers are compact connected Legendre submanifolds, 
then the fibers are diffeomorphic to the sphere S, or to the projective space P,(R). 
More generally P. Dazord [2] has proved that if the leaf of a Legendre foliation is 
compact with finite infinitesimal holonomy Z+, then the leaf is diffeomorphic to S,/& 
or p,(R)/zq. 
Similar results have been obtained by Pang [13] who moreover studies the case of 
Riemannian Legendre foliations; he gives examples of such foliations. 
From Theorem 3.2 it follows that a compact leaf of an w-complete Legendre foliation 
must be diffeomorphic to a torus. So in the cases just considered the foliation is not 
w-complete. 
Pang exhibits an example of an w-complete foliation with one compact leaf. 
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